Abstract: Different equations have been proposed for estimating the glass transition temperature of amorphous mixtures. All such expressions lack a term to account for the effect of the entropy of mixing on the glass transition. An entropy based analysis for the glass transition of amorphous mixtures is presented. The treatment yields an explicit mixing term in the expression for the glass transition temperature of a mixture. The obtained expression reduces to the Couchman-Karasz equation in the limiting case where the contribution of the entropy of mixing approaches zero. Equivalent expressions are obtained for the glass transition temperature of a mixture of two glass formers as for the effect of a plasticizing liquid diluent on the glass transition temperature of an amorphous material.
Introduction
A number of expressions have been proposed for estimating the glass transition temperature (T g ) of amorphous mixtures [1] [2] [3] [4] [5] . However, the different equations can all be represented as minor variations of the same mathematical form, namely 
where eq gm T represent the glass transition temperature of the mixture predicted by the equation of interest, the subscripts 1 and 2 denote components 1 and 2, respectively, ϕ represents the concentration, expressed as either mole (x) or weight (w) fraction, and k is a parameter whose physical interpretation depends on the underlying physical model of the particular equation used. One notable feature of the general expression shown above is the conspicuous absence of a mixing term. Specifically, an entropy of mixing term. This is particularly noteworthy considering that entropy plays a defining role in glass formation [6, 7] . It also follows that the same shortcoming extends to any expression of the form of Equation 1, proposed for the prediction of the glass transition temperature of amorphous mixtures. The question of the entropy of mixing and the glass transition of mixtures has been discussed in the literature [4, 8, 9] . Nevertheless, an explicit relationship between the entropy of mixing and the glass transition of amorphous mixtures is still lacking.
Background
A number of approaches have been proposed for estimating the glass transition temperature of mixtures from knowledge of the properties of the pure components. Although different in detail, the proposed relationships are based on the additivity of basic properties.
Gordon and Taylor [1] based their theory on two basic assumptions: volume additivity, i.e., ideal volume of mixing, and a linear change in volume with temperature. Their proposed expression is arguably the most widely used equation for predicting the glass transition temperature of amorphous mixtures: 
where the subscripts 1, 2 and m denote component 1 component 2, and the mixture, respectively and w is the weight fraction concentration in the mixture. The term k in Equation 2 is a parameter whose value depends on the change in thermal expansion coefficient (α) of the components as they change from the glassy (amorphous) to the liquid (rubbery) form, during the glass transition. Accordingly,
, where V denotes the specific volume at the corresponding T g . In most practical applications however, the Gordon-Taylor equation is simplified in one of two ways in order to remove the α terms from the expression. By invoking the Simha-Boyer rule [10] (Δα ·T g = constant)
we get
Another common simplification is to let k as a curve fitting parameter [11] .
Couchman and Karasz [4] proposed a thermodynamic approach for predicting the glass transition temperature of mixtures. Their treatment is based on considering that even though it is not a second order transition, the T g has the façade of such, in the sense that the entropy of mixing is continuous during the glass transition to give:
where x is the mole fraction concentration, ΔC pi is the difference in the heat capacity of the liquid ( 
Another expression for predicting the T g of mixtures is the Fox equation [3] :
which can be obtained directly from the general Equation 1 if in addition to the Simha-Boyer rule used in the Gordon-Taylor treatment, we assume similar specific volume for the two components, such that
In the limiting case where k = 1, Equation 1 reduces to the expression for the linear combination:
which has been used as the simplest estimate used for the glass transition of mixtures [12] . Equations 2 through 6 can all be directly obtained from the general Equation 1. Being mathematically equivalent, these expressions give similar predictions. There are however, experimentally observed T g -composition profiles that differ from the type of predictions obtainable from the general expression set [13] . Jenkel and Heusch [2] proposed an expression that accounts for monotonic (all positive or all negative) deviations from the linear combination (Equation 6):
where k takes the role of an empirical fitting parameter. Kwei investigated polymer mixtures including systems where the T g showed S-shaped profiles, i.e., showing both negative and positive deviations from the linear combination profile. Kwei 
where k and q are both fitted parameters. The origins of the Kwei expression are empirical, the physical meaning of the parameters k and q has been the subject of subsequent interpretations based on the intermolecular interactions between the components in the mixture [13, 14] .
The T g values of amorphous mixtures are generally interpreted in terms of intermolecular interactions [5, 12, [14] [15] [16] [17] . Strongly interacting compounds tend to give mixtures whose glass transition is higher than would be expected from predictions from the different variants of (the general) Equation 1 [12] . It is interesting to note that mixing effects on the glass transition are typically studied from an enthalpy perspective, even though it is entropy the quantity that plays a central role in glass formation [6] . An entropy-based analysis on the effect of mixing on the glass transition temperature is presented here.
The role of entropy on glass formation and the glass transition
From a thermodynamic point of view, entropy is the defining parameter for glass formation. More specifically, vanishing of the accessible configurational entropy (S c ) is the thermodynamic criterion for a liquid turning into a glass [7, 18] . The glass transition is thus a manifestation of the smallness of configurational entropy, i.e., of a "dearth of configurations" [19] . We should clarify from the onset that the glass transition is a kinetically controlled phenomenon, such that any thermodynamic definition is in effect constrained by the timescale of the experiment. We will look into the thermodynamic argument before discussing the constraints imposed by kinetic considerations.
Consider a system of two glass forming components, 1 and 2, with glass transition temperatures T g1 and T g2 , respectively, such that T g2 > T g1 . The two components form a nearly athermal mixture, such that their mixing is entropically controlled. In addition, the system is such that the heat capacities of mixtures of the two components are given by:
where C p is the isobaric heat capacity and the superscripts g and L denote the glass and liquid forms, respectively, x is the (mole fraction) concentration in the mixture, and the subscripts 1, 2 and m denote component 1, component 2 and the mixture, respectively. We will make use of a thermodynamic cycle in order to establish the effect that the entropy of mixing ought to have on the glass transition temperature. The cycle, shown in Figure 1 involves the formation of mixture of glass former components 1 and 2, at concentrations x 1 and x 2 , respectively. The cycle starts at an arbitrarily low temperature T, such that each individual component is in the glassy state (i.e., Step a The separate components are heated from the initial temperature T to T g2 , the higher pure-component T g , where the two materials exist as liquids. In the process, the temperature of the system passes through T g1 , where the pure component 1 turns into a liquid
Step b The two components, are mixed in the liquid state at T g2
Step c The liquid mixture is cooled from T g2 to the initial temperature T. In the process, the mixture undergoes the transition to the glass at T gm 
The entropy change for the entire cycle ( Figure 1 ) can be expressed as follows:
Step
In order to establish the effect of the entropy of mixing on the glass transition temperature, it is necessary to establish the link between the entropy of mixing in the liquid ( mix S Δ ) and the entropy of mixing in the glass ( r mix S Δ ). The key question resides on what portion of the entropy of mixing i) is configurational in nature and ii) is accessible to the liquid within the timescale of the experiment. To address this question, it is necessary to take into consideration the kinetic character of the glass transition. Any thermodynamically obtained quantity is independent of time. Therefore, the entropy change in the above expression represents the value obtained at infinitely slow cooling rate, i.e.,
where the superscript ∞ indicates an infinitely slow (thermodynamic) measurement. We start by considering the similarity between the entropy of mixing of liquids and the entropy of melting of a crystal, in the sense that the two quantities are predominantly configurational [20] . Cooling the melt of a pure crystalline material has the effect of "consuming" the entropy of melting (
where T m and K T are the melting and Kauzmann temperatures, respectively, and
is the heat capacity difference between the liquid and the crystalline forms of the material. This depletion, which occurs because the heat capacity of the liquid is greater than that of the crystal, is graphically depicted in Figure 2 . The Kauzmann temperature is the temperature where the configurational entropy accessible to the liquid vanishes; the liquid and crystal lines (II and I, respectively) cross, so that both crystal and liquid have the same entropy at the same temperature, or crystallization takes place without an entropy change. Besides the potential entropy crisis in the former case, such a state is unattainable since it requires an infinitely slow cooling rate. Hence, a common thermodynamic view of the glass transition is that K T is the temperature of an underlying but experimentally unattainable second order transition. The transition is kinetically masked by finite cooling rates such that the glass transition is observed at some higher temperature, T g . Because of the kinetic nature of the glass transition, there is no single T g value; the observed value varies with the kinetics of the experiment [21] . In other words, the observed T g for a given glass forming liquid will vary, depending on how fast or slow the liquid is cooled. This is an important point; different cooling rates will "consume" different amounts of configurational entropy up to the point where a T g is observed. In each case, a different amount of residual entropy will remain trapped in the glass as part of its thermal history. This trapped configurational component includes the entropy that is subsequently lost upon aging of the glass, as it undergoes structural relaxation. ). The former is the entropy of mixing accessible to the liquid, the latter is the mixing entropy in the vitrified mixture.
r mix S Δ is expected to be vibrational to a large extent, but not entirely so. The simplest view is that the difference in entropy between a liquid and its glass is all configurational. However, real liquids exhibit important vibrational differences in relation to their glasses. Such differences are in turn the result of different configurational states between liquid and glass [22, 23] . It is therefore important to point out that the main characteristic of the quantity r mix S Δ discussed here is not that it is (largely) of vibrational nature; the important attribute of r mix S Δ is that it is inaccessible to the liquid when the mixture vitrifies.
This unavoidable residual entropy of mixing in the glass removes the physically problematic situation of having a glassy mixture with the exact same entropy as the sum of the entropies of its pure components. At an infinitely slow cooling rate, the Kauzmann temperature is the point where the configurational entropy accessible to the liquid, including the contribution from mixing ( The point marked 1 T in Figure 3 corresponds to the Kauzmann temperature for a system where the separate glass components have the same entropy as the glass mixture; an unrealistic situation, and one impossible for an athermal mixture. Let us now consider the kinetic effect, i.e., the effect of the timescale of the experiment. Cooling a glass forming liquid at a finite rate will eventually lead to a situation where the drop in configurational entropy cannot keep up with the pace of change in temperature. At this point, the system falls out of structural equilibrium and the glass transition is observed. The T gm is the point (above Km T ) where line IIa changes to IIb in Figure 3 . At finite cooling rates, the configurational entropy of mixing accessible to the liquid within the timescale of the experiment ( A partition marker for the entropy of mixing under finite cooling rates is shown on the bottom left corner of Figure 3 . The marker is labeled by an encircled K, indicating that it reflects the kinetics of the experiment. The K-marker serves as gauge for the drop in entropy at finite cooling rates. Kinetics has the effect of changing the partition of the entropy of mixing between the (configurational) portion that is accessible to the liquid during cooling, and the portion that remains in the glass. The residual entropy of mixing in the glass comprises r mix S ∞ Δ plus any kinetically trapped configurational entropy that became inaccessible to the liquid as a result of the experimental timescale. However, the entropy of mixing has a thermodynamic origin so that its magnitude as a whole remains invariant, regardless its kinetic breakup: Equations 13 and 14, represented by the T and K marker bars in Figure 3 , are the thermodynamic and kinetic scenarios, respectively, for partitioning the same quantity: the total entropy of mixing, mix S Δ , between the liquid and the glass. The equality between Equations 13 and 14 frames the thermodynamic constraint of a kinetically controlled process such as the glass transition. A signature property of glasses is that the configurational entropy kinetically trapped in the glass is lost over time via structural relaxation following glass formation. From the above considerations, the entropy of mixing contributes toward the entropy available for loss upon structural relaxation of the glass by an amount equal to the difference between the kinetic and thermodynamic values: 
It follows that for an infinitely slow experiment, as
where Km T is the Kauzmann temperature of the mixture. Equation 16 in turn leads to the following
The first term on the right hand side of equation 18 corresponds, exactly, to the Couchman-Karasz equation [4] . Therefore, the result can be expressed in the following form:
where CK T is the glass transition temperature of the mixture predicted by the Couchman-Karasz model (Equation 4). Equation 18 describes deviations in the glass transition from the T CK value as a result of the liquid-accessible configurational entropy of mixing, and reduces to Equation 4 when the value approaches zero. In the case of polymer mixtures, the entropy of mixing is small [17] , so that the exponential term in equation 18 may not represent a large correction. However, even if small, spontaneous mixing is almost invariably (and always so if the mixture is athermal) accompanied by a non zero entropy of mixing. In the case of mixtures of low molecular weight compounds, the contribution of the entropy of mixing toward the observed T g can be expected to be of greater significance. The original derivation of the Couchman-Karasz equation in effect equates the entropy of mixing in the liquid and glass [4] . Such an assumption has generated significant debate [9, 15] , as has the meaning of the entropy of mixing in the glassy state. The analysis presented here is based on the partitioning of the entropy of mixing into two parts: one portion that i) is configurational and ii) is accessible to the liquid within the timescale of the experiment, and a residual portion, which i) can have both vibrational and configurational components, but most importantly, ii) remains in the glass upon vitrification. Different experimental timescales (heating/cooling rates and thermal histories) affect the amount of configurational entropy trapped in pure glasses. With that, the position of the observed glass transition shifts accordingly [24] . The same is true for mixtures, where part of the trapped configurational entropy necessarily originates from the mixing process. Therefore, the kinetic character of the glass transition should result in observed T gm and Δ [15] is shown in Figure 5 . This mixture involves a strong hydrogen bond donor and a strong hydrogen bond acceptor (polyvinylphenol and polyvinylpyridine, respectively). The strong interaction between components results in strong positive deviations from the predicted T CK values. Strongly interacting mixtures give place to structured mixtures [12, 26] and a negative entropy of mixing can be expected. The contribution of the entropy of mixing obtained from Equation 18 reflects such a character for this mixture. Figure 5 . Positive deviations in a strongly interacting mixture. Glass transition temperature of mixtures of polyvinylphenol (1) and polyvinylpyridine (2) . Top: symbols correspond to data adapted from Painter et al. [15] . The solid line is the profile predicted by the Couchman-Karasz equation. Bottom: filled squares represent the entropy of mixing contribution obtained from Eq. 18.
An approximation for the plasticizer effect
The plasticizer effect is an interesting mixing condition because it encompasses two limiting cases: 1) it comprises extremes in composition where one component is present in trace quantities while the main component is present in nearly pure form; 2) it also comprises systems where components have vastly different glass transition temperatures; plasticizers are liquid diluents, used not only well above their T g , but well above their melting temperature. It is common practice to apply predictive equations of the type of Equation 1 for estimating the effect of plasticizers on the glass transition of amorphous materials. The process involves plugging in the T g values of the pure components and the or 23 is a mixing term in the sense that it only includes parameters pertaining to mixing or to the mixture. The factor vanishes only when the entropy of mixing is zero.
